The complex amplitude distributions on two spherical reference surfaces of given curvature and spacing are simply related by a fractional Fourier transform. The order of the fractional Fourier transform is proportional to the Gouy phase shift between the two surfaces.
Let fo(x, y) denote the complex amplitude distribution at the plane z = 0 of light propagating in the positive z direction. We are interested in the amplitude distribution at other planes z * 0. The simplest and usual approach is to employ harmonic expansion, because plane waves are the eigenfunctions of propagation in free space.' Instead, we will expand fo(x, y) in terms of scaled HermiteGaussian functions, which also constitute a complete orthonormal set. Normalized such that its magnitude squared integrates to unity, the lth-order Hermite-Gaussian function is given by 2 1/4 ql(u) = A2dd1 Hi (V-u) exp (-vr0) , 1 where H&(-) is the lth-order Hermite polynomial. We can expand fo (x, y) (u, v) . Then the amplitude distribution at the plane z = zn is given
because f' 0 . I&(x/so)I 2 dx = so for any arbitrary so > 0.
We can interpret the function so-"I'i(x/so)0In (Y/so) as the amplitude distribution at z = 0 of a twodimensional Hermite-Gaussian beam of order (1, m) with scale parameter so. Then it becomes an easy matter to write the amplitude distribution fn(X, y) at an arbitrary plane z = zn, because we know how each of the Hermite-Gaussian components propagates':
with
We discuss the interpretation of this result shortly. But first, let us put it to a simple test. Letting z -co, we see that the resulting intensity pattern is simply the magnitude squared of the first-order (ordinary) Fourier transform of fo(x, y), consistent with what we know of Fraunhofer diffraction. Let us now consider any two planes z, # 0 and Z2 -0 such that z 1 < Z 2 and relate the amplitude distribution in these two planes. Equation (5) Working with these spherical reference surfaces enables us to eliminate the final quadratic phase factor in Eq. (5). Then, in terms of our new coordinates, the complex amplitude distribution of light in the two spherical surfaces shown in Fig. 1 can be related in the particularly simple form
S2 where a = a 2 -a, The parameters a, = 2,1/iT and a 2 = 2;2/v are merely special cases of Eq. (6). At z = zi, we have the alth fractional transform of the distribution at z = 0, which implies that at z = 0 we have the -alth fractional transform of the distribution at z = zj. At z = z 2 , we have the a 2 th fractional transform of the distribution at z = 0. Thus, at z = Z 2 , we have the (a 2 -aj)th transform of the distribution at zj. This is the essential content of Eq. (7).
It is known that for a proper choice of parameters it is possible to obtain an exact Fourier-transform relation between two spherical surfaces (choose a = 1). What we have shown is that for other values of the parameters we obtain a fractional Fourier-transform relation. Given any two surfaces, as in Fig. 1 , all we need to do to find the order a of the fractional Fouriertransform relation existing between these two surfaces is to find the Rayleigh range and waist location of a Gaussian beam that would fit into these surfaces and then calculate a from Eq. (8) .
The complex amplitude distribution with respect to any given reference sphere can be mapped harmlessly onto another reference sphere by using a lens of appropriate focal length. Conversely, the effect of an ideal thin lens can be interpreted merely as a change of the spherical reference surface, with no change in the amplitude. Thus any system of concatenated lenses and segments of free space with any choice of spherical or planar input/output reference surfaces can be analyzed within this framework, as consecutive fractional Fourier transforms. As a simple example, if we wish to obtain an exact fractional Fourier-transform relation between two planar-rather then spherical-surfaces, we can use appropriately chosen and situated lenses to cancel the overall spherical phase factors. (Lohmann's Type I and Type II systems 7 may be interpreted as special cases. In general, the total amount of spherical phase correction can be distributed in a much more flexible way.)
We may also think of a complex amplitude distribution riding on a Gaussian beam wave front. The spatial dependence of the wave front as the wave propagates is like a carrier defining spherical surfaces, on top of which the complex amplitude distribution rides, being fractional Fourier transformed in the process.
Hermite-Gaussian functions are not strictly eigenfunctions of free space, although they do preserve their profile within a scaling factor. However, they are eigenfunctions of periodic lens systems and spherical mirror resonators. Thus it will be instructive to relate the above results to spherical mirror resonators. Let us now interpret Fig. 1 as a resonator. Assume that the complex amplitude distribution of light at, say, the waist plane is known. After one round trip, we will observe at the same plane the 2ath fractional Fourier transform of the initial distribution, where a is given by Eq. (8) .
(This is because the mirror precisely reverses the quadratic phase factor so that we get twice the effect on completing a round trip.) That is, one round trip in the resonator is described by a fractional Fourier transform operation. In general, this 2ath fractional Fourier transform is not of the same functional form as the initial distribution. If the initial distribution is to be a mode of the resonator, it must preserve its functional form after a round trip. That is, it must be an eigenfunction of the fractional Fourier-transform operation. But eigenfunctions of the fractional Fourier transform are known to be the Hermite-Gaussian functions 8 (which are well known to be the modes of spherical mirror resonators). 
The range of the arctangent function in this expression is chosen such that a-r/2 monotonically decreases from 7r to 0 as Rid increases from 1/2 to . For R/d < 1/2, the resonator is unstable. Let us examine the important special case of the symmetrical confocal resonator in which the radii of the mirrors equal their spacing. In this case, half a round trip through the resonator corresponds to the ordinary Fourier transform, that is, a = 1. Lipson and Lipson 9 have also discussed so-called quasi-confocal resonators, in which the beam profile repeats itself not after one round trip but after several round trips. Such systems are easily analyzed within the framework of fractional Fourier transforms.' 0 For instance, if for the resonator under question we have a = 2/3 and thus 2a = 4/3, after three round trips the beam profile will repeat itself.
The well-known stability (or confinement) condition for spherical mirror resonators' can be cast in a particularly simple form in terms of the parameter a,
Note that, as long as a is real, we have a stable resonator. In this Letter we have implicitly assumed that a and the Rayleigh range Y are real, which means that we have implicitly assumed stable resonators. Unstable resonators are described by values of a that are not real. Elaboration of this issue must be left for a future discussion.
In conclusion, we have cast the well-known formulation and properties of Hermite-Gaussian beams and spherical mirror resonators in a simple and transparent form in terms of a transform with several interesting and relatively well-studied properties.
Finally, so that the reader may easily verify our results, we give the definition of the ath-order frac- 
The kernel can also be written in closed form, 8 Other properties of this by now fairly well-studied transform may be found in Refs. 2-8.
The benefit of collaborating with A. W. Lohmann of the University of Erlangen-NUrnberg on various phases of our research on fractional Fourier transforms is gratefully acknowledged.
